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Abstract

This paper studies a centralized supply chain model with one supplier and multiple retailers, in which demand is
discrete and stochastic. According to whether the supply quantity can be control or not, and if the supply quantity can
be control, the supply capacity is infinite or finite? Three models are constructed respectively: I. Fixed supply quantity;
1. Controllable supply quantity with infinite supply capacity; Ill. Controllable supply quantity with infinite supply
capacity. For Model | and 111, some properties of the optimal solution are proved, and the model is simplified according
to these properties. On this basis, the corresponding Fast Fourier Transform method is constructed to obtain the
optimal solution. For model I1, the analytical expression of the optimal solution is obtained. Finally, for each model, an
numerical example is used to verify the results.
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1. Introduction

At present, there are many papers on supply chain research, but as Hoque (2011) pointed out, most of the studies
consider the situation of a single retailer, while few studies on multi-retailers.

Glock and Kim (2015) studied the integration of suppliers with one of the retailers in a single supplier multi-retailer
supply chain. After integration, suppliers supply products to the market through integrated sales channels and other
retailers respectively. Chen and Chang (2010) studies the jointly determining of perishable goods supply chain under
the conditions of channel coordination, system members jointly determine the optimal retail price, replenishment cycle
and delivery quantity. Monthatipkul and Yenradee (2007) studies the determination of the safe inventory level and its
location of a single product in a supply chain consisting of a centralized warehouse and multiple retailers under demand
uncertainty. Darwish and Odah (2010) establishes the supply chain model of single supplier and multiple retailers under
VMI mode. The VMI contract agreement between suppliers and retailers is explicitly included in the model. By
choosing a higher penalty cost, the model can easily depict the constraints of the supply chain. Mateen and Chatterjee
(2015) establishes analysis models of various methods for VMI. Through these methods, a single supplier-multiple
retailer system can coordinate through VMI.. Su and Geunes (2013) studies a two-stage supply chain in which the
supplier serves a group of retailers in the retail chain. Under the uncertainty of retailers' demand, the supplier must set a
price discount for each period within a limited planning period.

All the above studies on multi-retailer supply chain consider continuous demand. However, there are few studies on
multi-retailer supply chain consider with discrete stochastic demand. In this paper, we will study the centralized supply
chain model of multiple retailers under discrete stochastic demand, three cases will be discussed respectively: I. Fixed
supply quantity; Il. Decision-making of supply quantity with infinite supply capacity; Ill. Decision-making of supply
quantity with finite supply capacity.

2. Model and Notation

Consider a centralized supply chain with one supplier and m retailers.
Q : supply quantity of the supplier;

Qj : the quantity of products allocated to retailer j (] =1,2...,m):
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Pr; : retail price of retailer j:
v: the unit salvage value of the unsold products;
c: the unit supply cost of the supplier, Pr; >c>v;

D; : the stochastic demand faced by retailer IE
P, : the probability that retailer j 's demand equals to k, k=1,2,......

The expected sales quantity of retailer J is Emin(Qj,D,—), and the expected unsold quantity of retailer | is

Q —Emiﬂ(Qj \ D,—) . The unsold quantity of the supplier is Q—ZLQ,— . And then the expected total profit of the supply
chain is:

m

#2,0,0@) =P S Emin(@,0,) v S0 -Emin(@,0,)) 050 | -e-0

m ®)
~(v-9Q+.[(Pr;~v)-Emin(Q,, D)

We consider two cases, depending on whether the supply quantity Q is controllable or not. For case of controllable
supply quantity, we further consider whether the supply capacity of the supplier is finite or not.

3 Uncontrollable Supply Quantity: Model |

Now, the supply quantity Q is fixed. We only need to decision the quantity of products allocated to each retailer, Q i
to maximize the expect profit of the supply chain. We have the follow model:

mex 7°(Q. Q4 Qo Qu)=(V=0)Q + [ (Pr, ~) Emin(Q;, D, )

st. iQi <0 @)

Q ez, j=12..,m
where 7* represents the set of nonnegative integers. Denote the optimal solution of this model by (Q,,Q;,....Q.).

This is a stochastic non-linear integer programming model, which can be solved directly by branching and bounding
methods, but the solution will be very cumbersome. For this kind of model, it is usually transformed into a dynamic
programming model, which is much simpler to solve.

3.1 Dynamic Programming Model
Constructing the follow optimal value function

m

V(@) = (v-c)g+ max );[(Prj ~v)-Emin(Q;,D;)]

Q) 45

m | 3
st. 2Q;<Q ©
j=k

Obviously, V4(Q) =maxz©(Q,Q,Q,,-.,Q,) ,

Using the method of stochastic dynamic programming, it can get the optimal value function v, () (k=1,2,...,m)
satisfies the following Bellman Equation:
V(@)= Qﬂggs{(Prk -v)-Emin(Q,, D, )+V,,(a-Q,)} (4)

The computational complexity of this dynamic programming approach is of the order of O(mQ?), it is much simpler

than the direct solution model (2), but when the supply quantity Q and the number of retailers M is larger, the
computational complexity will still increase dramatically. We need to further construct new methods to reduce the
computational complexity. We use the following fast Fourier transform method (see Golub and Van Loan 1996).

3.2 Fast Fourier Transform Method

For convenience, We introduce the function F; (Qj ) = Emin(Qj ,D; ) , which has the following property:
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Theorem 1. 1) F,(Q;)=Y."" P(D; >t);
2) F (Qj) is an increasing and concave function.
Proof. 1) We have

Fj(Qj):Emin(Qj’D) Z' pJ|+Q Z Pji

|_Q +1

Q 9

=22 P +Q; Z pj.—g{gp,ﬁ[i pjt}

i=1l t=i |,+

:ii Pit :iP{Dj Zi}

i=1 t=i i=1

2) calculate first-order and second-order difference for F;(Q; ) respectively, we have

AF‘<Q‘) ( ) J(QJ ) P{DiZQj}ZO
A’F, (Q;)=AF (Q)-AF, (Q -1)=P{D; 2Q;} -P{D; 2Q; -1} =—p; o , <0
Therefore, F;(Q;) is an increasing and concave function. .

By use of function F; (Q,— ) we can rewrite Model (2) as:

mex 7°(Q. Q. Qo Qu)=(V=0)Q + D[ (Pry —v) - F(Q)]

st. in <Q )
j=1

Q ez, j=12..m

Let &jq, denote the marginal profit increased by increase the allocated quantity to retailers j from Q;-1 to Q;, we
have

@i, =7 (Q Q4 Q)r Q) —7(Q Q- Q — 1., Q,)=(Pr, —v) AF, (Q) ) (6)
Theorem 2. Marginal Profit &jq is more than 0 and increasing in Q; .
Proof. Can be easy obtained from Theorem 1. n
Introduce the following mxQ marginal profit matrix:
Uy O, G
Ay Ap Qg
: : ()
Ay Oy (o 2%e)

It can be easily follow from Theorem 2, the marginal profits in each row j are in descending order; i.e.,
O 20,220 -

By using the fast Fourier transform method, the optimal solution of model (5) is completely determined by the first Q
maximum value in the matrix. The sum of these Q values can obtain the maximum value of the objective function. In
those Q value, the number of times the subscript j appears is equal to Q;. And because each row of the matrix
decreases monotonously from left to right, when choosing the maximum Q value, each time, only the left-most
unselected values in each row need to be compared to obtain the corresponding maximum values. Therefore, only m
values need to be compared each time, and the total number of comparisons is Q times. At this time, the computational

complexity is reduced to the order of O(mQ) .

Next two sections consider that the supplier's supply Q can be controlled. There are two cases to discuss: a) the
supplier has a limited supply capacity C , that is to say, the supplier's supply quantity can't exceed C ; b) the supplier's
supply capacity is infinite, and the supply decision-making is not limited.
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We first discuss the case of infinite supply capacity.

4 Controllable Supply Quantity with Infinite Capacity: Model 11

On the basis of model (2), by adding the decision-making of supply quantity Q, we can get the expected profit
maximization model for this case as follows:

rggx;zc (Q,Ql,QZ,...,Qm):(v—c)Q+i[(Prj —v)-Emin(Qj, D, )]

st. >.Q,<Q
j=1
Q!Qj e”Z', ] =12,...m
Denote the optimal solution of this model by (Qa,Qf,Qj,...,Q;),

(8)

Theorem 3 If and only if ZLQ,» =Q, i.e. when retailers' total allocation quantity is exactly equal to the supplier's
supply volume, Model (8) obtains the optimal solution.
Proof. By reverse. Assume the optimal solution of Model (8), (Q*, Q7 Q5,...,Q; ), makes that ", Q} <Q%, then

7°(QQ1 QS Q) ) =7 [iQf,Qf,Qs,...,Q;}(v—c)[Qa—iij

<7r°(iQ?,Qf,Q§,---,Q$]
=1

this contradicts the definition of the optimal solution (Qa,Qf,Q;",...,Qri), and implies the supposition made in the
beginning of the proof is false. This completes the proof. [

By use of Theorem 3, we can replace the decision variable Q with ZLQJ , reduce one decision variable and one
constraints, and simplify Model (8) to:
e =gn32)§7rc [ZQ?,Q;‘,Q;‘,...,Q;]:(V—C)ZQJ. +Z[(Prj ~v)-Emin(Q;, D, )]
i j=1 ) j=1 j=1 (9)
=Z[(Prj —v)~Emin(Qj,Dj)+(v—c)QjJ
j=1

Because the objective function of model (9) can be decomposed into separate m parts. Therefore, each part can be
maximized separately, i.e.

1§ = Q?SZXHJC Q) =(Pr, —v)oEmin(Qj,Dj )+(V—C)Qj (10)
The maximum expected profit of the whole supply chain equals the sum of the maximum expected profit of each part,
ie M=% "I}
The first-order difference and the second-order difference of Profit function I15(Q;) are respectively as follows:
ATTS (Q)) =T15 (Q;) - I15 (Q; 1) = (Pr; =v) - [ F; (n) = F; (n=1) ]+ (v—c)
= (Pr;—v)-P{D; = n}+(v—c)
ATTIS(Q,) = ATTS (Q,) — ATTS (Q, ~1) = (P, —v) -[P{Dj >n}-P{D, > n—1}]=-pj,n71 <0 (11)
Hence, property of T1$(Q;) is given by the follows theorem:
Theorem 4 I15 (Q;) is a concave function of Q;, i.e. AII§(Q,) is increasing in Q; .
Let L ={l eZ*,AH(J.: (1) >0} denote the sets of allocation quantity which makes AIT§(Q;) non-negative,
denotes the maximum value of the set be If. Follow from Theorem 4, we can obtain: if Qj <I?, then Hf Q) is

monotonic increasing; else, Hf (Q;) is monotonic decreasing.
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Hence, If is the maximum point of Revenue Function Hf (Q;). And then, the optimal solution of Model (9) will
be
a a + C .
Q=1 =m:31X{|eZ AL (D20 j=1,...,m (12)

5 Controllable Supply Quantity with Finite Capacity: Model 111

At this time, the supplier's supply quantity Q can't exceed the supply capacity C. On the basis of model (9), a
constraint condition on supply quantity is added, and the model becomes

max z°¢ (iQi ,Ql,Qz,...,Qm]:Zm:[(Prj —v).Emin(Qj,Dj )+(v—c)Qj]

j=1

st 3Q <C (13)
=

QeZ, j=12..,m
Denote the optimal solution of this model by (QA,QlA,Q{‘,...,QQ) .

Let A,-QJ. denote the marginal profit comes from increase the allocated quantity to retailers j from Q;-1to Q;, we have

Ay, =7° {in ,Ql,.,.,Qj,...,Qmj_ﬂc {in ~1,Q,Q, —1,...,Qmj

=(Pr, —v)F;(Q;)-(Pr, V) F;(Q; -1)+ (v—c) (14)
=(Pr,-v)P{D; 2Q;}+(v-¢)
=ATI Q)
The following mx C marginal profit matrix is introduced by using fast Fourier transform method:
A11 A12 AiSC
A21 A22 Azsc
OO (15)
Am 'A\nz Ansc

If the number of positive values in matrix (15) is greater than C, then the supply quantity is C, and maximum C values
in the matrix corresponds to the optimal allocation rule at this time; else, the optimal solution is the same as formula
(12).

6 Numerical Example

Consider a supply chain with one supplier and four retailers. The supplier's unit supply cost is $1800, and the unit
salvage value of unsold items is $300. Retail price of retailer 1 is $3000, and demand of retailer 1 follows a Poisson
distribution with parameter 7; retail price of retailer 2 is $2300, and demand of retailer 2 follows a Poisson distribution
with parameter 7.9; retail price of retailer 3 is $2500, and demand of retailer 3 follows a Poisson distribution with
parameter 8.1; retail price of retailer 3 is $3500, and demand of retailer 4 follows a Poisson distribution with parameter
4.8.

The initial parameter information is summarized in the following table:

Table 1 Parameter value
Parameter | m c v Pr, Pr, Pr, Pr, | A | A | 4 | 4
Value 4 | 1800 | 300 | 3000 | 2300 | 2500 | 3500 | 7.0 | 79| 8.1 | 4.8

6.1 Uncontrollable Supply Quantity: Model I

The supply quantity is fixed as 20 items, By introducing related parameters values into matrix (7), we can get the
follows: 4x20 order matrix:
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2697.50 2680.26 2619.94 2479.19 2232.88 1888.05 148574 -.- 0.12
1999.10 1993.24 1970.10 1909.17 1788.84 1598.70 1348.36 --- 0.43
2199.09 2193.68 2171.77 2112.62 1992.85 1798.81 1536.87 --- 0.65
3173.66 3047.26 2743.87 225846 167597 111678 66943 --- 0

We only need to select the maximum 20 values from the above matrix, and then the optimal solution of the model can
be obtained. At this time, the optimal allocation quantity of retailer 1 is 6, the optimal allocation quantity of retailer 2 is
4, the optimal allocation quantity of retailer 3 is 6, and the allocation quantity of retailer 4 is 4. The expected profit of
the supply chain is:

o max 7°(Q,Q,,Q;,Q,)=>_(maximum 20 values)—(c—Vv)Q =16161.5

6.2 Controllable Supply Quantity with Infinite Capacity: Model 11

Introducing related parameters value into formula (11), we have:
ATIS (6) = 388.05 > 0, AIIC (7) = —14.26 <0

ATIS (6) = 78.70 > 0, ATIS (7) = —151.64 < 0
ATTS (7) = 36.87 > 0, AT (8) = —226.25<0
ATTS (5) =175.97 > 0, ATTS (6) = —383.22 <0
Combination with formula (12), we can get the optimal allocated quantity to each retailer be
Qla ZG’Q; :61Q1a :7’Qj =3
And the corresponding supplier's optimal supply quantity is 24 items, and the total expected profit of the supply chain
is $16761.91.

6.3 Controllable Supply Quantity with Finite Capacity: Model 111
By introducing related parameters values into matrix (15), we can get the follows: 4x20 order matrix:
1197.50 1180.26 1119.94 979.19 732.88 388.05 -14.26 —416.57 ---—1499.88
499.10 49324 470.10 409.17 288.84 98.70 -151.64 -434.17 ---—1499.57
699.09 693.68 671.77 612.62 49285 29881 36.87 —-266.25 ---—-1499.35
1673.66 1547.26 1543.87 75846 17597 -383.22 -830.57 -1137.33 -.- —1500
There are 24 positive values in the above matrix. That is to say, the supplier's maximal supply quantity is 24 items.

When the supplier's supply capacity C is less than 24 items, his supply quantity is C ; else, his supply quantity is 24
items. Table 2 gives the optimal policy under different supply capabilities.

Table 2 Optimal policy under different supply capabilities

Supply capacity | Supply quantity | Marginal profit Total expected profit Optimal allocated policy
1 1 1673.66 1673.66 (0,0,0,1)
2 2 1547.26 3220.92 (0,0,0,2)
3 3 1243.87 4464.79 (0,0,0,3)
4 4 1197.5 5662.29 (1,0,0,3)
5 5 1180.26 6842.55 (2,0,0,3)
6 6 1119.94 7962.49 (3,0,0,3)
7 7 979.19 8941.68 (4,0,0,3)
8 8 758.46 9700.14 (4,0,0,4
9 9 732.88 10433.02 (5,0,0,4
10 10 699.09 11132.11 (5,0,1,4)
11 11 693.68 11825.79 (5,0,2,4)
12 12 671.77 12497.56 (5,0,3,4)
13 13 612.62 13110.18 (5,04,4)
14 14 499.1 13609.28 (5,1,4,4)
15 15 493.24 14102.52 (5,24,4)
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16 16 492.85 14595.37 (5,254
17 17 470.1 15065.47 (5,35,4)
18 18 409.17 15474.64 (54,5,4)
19 19 388.05 15862.69 (6,4,54)
20 20 298.81 16161.5 (6,4,6,4)
21 21 288.84 16450.34 (6,5,64)
22 22 175.97 16626.31 (6,5,6,5)
23 23 98.7 16725.01 (6,6,6,5)
24 24 36.87 16761.88 (6,6,7,5)
25 24 0 16761.88 (6,6,7,5)

For example, if the supplier's supply capacity is 22 items, then his optimal supply capacity is 22 items, and the optimal
allocated policy is (6,5,6,5), i.e. the optimal allocation quantity of retailer 1 is 6, the optimal allocation quantity of
retailer 2 is 5, the optimal allocation quantity of retailer 3 is 6, and the allocation quantity of retailer 4 is 5. And the
expected profit of the supply chain is $16626.31.

7 Conclusion

We study a centralized supply chain model of single supplier and multiple retailers under discrete stochastic demand.
We discuss two situations according to whether the supplier make decisions on supply quantity. If the supplier make
decisions on supply quantity, we also discuss two cases, that is, infinite supply capacity and finite supply capacity.
Three models are established for analysis and discussion. For each model, some properties of its optimal solution are
proved. According to these properties, the original model is simplified, and an improved algorithm for solving these
models is given.
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